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NAME: STUDENT #:

There is a total of 43 marks; the maximum grade is 40 (3 bonus marks)

Check that you have a total of 6 distinct pages and notify your TA if this is not the case

Calculators are not allowed

e Phones and other devices should be turned off and hidden

e Have your student card face up on your desk

You have to show all your work for all the questions, except the True/False and muitiple choice

1 0 2
Question 1. You are given that B = Oy, |1, 1 is a basis for R®. Find the coordinate
3 0
-9
vector of | 13| with respect to B. You need to show some work; answers by observation will not be
22

accepted. [2 marks]
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Question 2. Let T: R? — R? given by T <BD L?J

a. Show that 7" is a linear transformation. [5 marks]

b. Find the standard matrix for T'

. [2 marks]
. 2x
c. Consider S : R? — R3 given by S <L}> = |z +y|. Foreach of SoT and T o S, give an
0

expression (formula), or explain why the composition does not exist. [3 marks]
- ) ““> (z(;
o) Let U, Je ﬂZz = [ ( ] v () 1
T ( &?+7) - T ( uz, LVZT) =T ( }\/(AfzfoL > - [ (UKVT‘U("UL’V“Z,‘
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For cell, | "
TCed) =7(cre)) = (el = (T e
- [Eh] ¢ Tz T

We conclude fhat T 0 & Limear transformatioy

) T =[8], TIT)= (5] se the

Srandaro matrix for T 05 rs2]

¢y (se1 )([5]): 5(”‘“(67 )) =s ([25])
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T.< ismtdefined becawse the Co domaun
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Question 3. let A= |1 1 2 6 8} .YouaregiventhattheRREFofAisRF 0 4 5

3 2 6 14 19 000 00

a. Find bases for Col
b. Give rank(A) and

c. State the rank-nul

@L) (F;(;m +he

o basis

- lacsits

(A), Row(A), and Null(A4). [5 marks|
nullity(A). [2 marks]

lity theorem and confirm that it holds for A. [2 marks]

Oe.adi‘ﬁg) entries 1n P we See ‘%"chvjr':
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Question 4. Let A = E ﬂ

a. Find the eigenvalues of A4, and all their corresponding eigenvectors. [6 marks|

b. Is A diagonalizable? If yes, find an invertible matrix I” and a diagonal matrix [J such that
A= PDP~'. [2 marks]

; ‘_'R «Z B . - MIO ~ ,’?? | 2 PG
a) det(a-Al)= | ¢ «n ‘ = (-2)(4-A) = -5
) det( s e e g
Je B 7 -
S.C;rér(ﬁ @VWQQM@ S Qvé: (c?, =6, Qa2 =— .
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True/False and multiple choice questions

Question 5. Circle T for True and F for False. Do not justify your answers, just circle your choice.

[1 mark each]

be diagonalizable.
The zero vector is an eigenvector of every matrix.

For every linear transformation T, we have that 0 € ker 7.

A must be linearly dependent.

Question 6. In the following do not justify your answer, just circle one letter. [2 marks each]

10 2
e Only one of the following is an eigenvector for A= | 0 0 1|. Which one is it?
-1 2 0
0 1
B |1 c |l D E
0 1 0
e For which k is the following set linearly independent? Yo i
, o\ ’D (1
. \ 0 <
1 1 1 \ O O © o et
10100 ( 0¥
1 0 k
A Only for k=1 B Forall ke Rwithk#1 C Forno k at all
D)For all k e R E Forall ke Rwithk#0

e’

o Let T : R? — Moyyy be a linear transformation such that 7’ <{ 1}) = {2 0} and

r(l) = e ([ ])

0 —2 0 -2 0 2 0
I I A R D N

Let 7', S be linear transformations. If both 7'0 .S and SoT are defined, then they are equal.

if the characteristic polynomial of a 3 x 3 matrix has 3 distinct roots, then this matrix must

If Ais a square matrix and the system Ax = 0 has a nonzero solution, then the columns of

&?\c&it\*@‘”)\
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Question 7 (Bonus question). Let

123456
023456
003456

A=1000 4 5 6
00005 6

00000 6

For any eigenvalue of this matrix, what is the dimension of the corresponding eigenspace? Explain
briefly. (Hint: this can be answered with hardly any calculations, or by observation.) [3 marks]
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NAME: STUDENT #:

There is a total of 43 marks the maxrmum grade is 40 (3 bonus marks)

Check that you have a total of 6 dlstmct pages and notlfy your TA :f th!S is not the case - ‘k

Calculators are not ai!owed

Phones and other devnces should be turned ofF and hndden -

. Have your student card face ‘up on your desk

You have to show all your work for all the questaons except the True/FaIse and multaple choaceyﬁ \

1 0 -2
Question 1. You are given that B = { 01, {1 1 }‘is a basis for R3. Find the coordinate

3 0 1
-8
vector of | 16| with respect to B. You need to show some work; answers by observation will not be
14

accepted. [2 marks]
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Question 2. Let A = {2
1

— e O
—

12 4 @\()124>¢W
8 4 29| .You are given that the RREF of Ais R = ()C@ 2 0 7
3 2 1 00 000

a. Find bases for Col(A), Row(A), and Null(A). [5 marks]
b. Give rank(A) and nullity(A). [2 marks]

c. State the rank-nullity theorem and confirm that it holds for A. [2 marks]

From +he (Jeadi ") enties in & we see ff‘h@ff ]
o basis for CollA) 15 ? [ ;} ]/ [%’}j
.o basis dor [Pow CH) B ; ] I

AN—0 —
WNeN—-0

For Pullla),we have

X = ~-S -2+ -4
g =) Xg = =25 ~F
6 X3 2 <

Xy = b

s = v

o LZzu
o o ¥
© o0 &0
Y sz}ufﬁﬁ‘

o

leansic free
Yy =5

‘)(olS-k — """Z (N;

! - E)&Si} —< o &

Lullcp)  ha ‘~ 5

S0 61,1 & /L i

b)

) Same as question 3, versio 4
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Question 3. Let 7' : R? — R? given by T (Lﬂ) - [ o }

T =y
a. Show that T'is a linear transformation. [5 marks]

b. Find the standard matrix for 7". [2 marks]

2z
c. Consider S : R? — R? given by S <Lﬂ> = |z +y]. Foreach of SoT and T o S, give an
0

expression (formula), or explain why the composition does not exist. [3 marks]
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Question 4. Let A = 15
clet A= o1

a. Find the eigenvalues of A, and all their corresponding eigenvectors. [6 marks]

b. Is A diagonalizable? If yes, find an invertible matrix P and a diagonal matrix D such that
A= PDP™'. [2 marks]

a) det(r-al) =], o ) (2-A)-2
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B s [ o5
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True/False and multiple choice questions

Question 5. Circle T for True and F for False. Do not justify your answers, just circle your choice.
[1 mark each]

@ F For every linear transformation 7', the zero vector belongs in the kernel of T

@F If the characteristic polynomial of a 3 x 3 matrix has 3 distinct roots, then this matrix must
be diagonalizable.

T@ The zero vector is an eigenvector of every matrix.

Ti F ) If Aisa square matrix and the system Ax = 0 has a unique solution, then the columns of
A must be linearly dependent.

T @ Let T, S be linear transformations. If both T 0 .S and S o T are defined, they are equal.

Question 6. In the following do not justify your answer, just circle one letter. [2 marks each]

1 0 2
e Only one of the following is an eigenvector for A= | 0 0 1|. Which one is it?
-1 2 0
0 -1 0 1
B |0 c |-1 D |1 E
1 —1 0 0
o . : . -
o For which k is the following set linearly independent? (oo (Lo @}( ©
17 (1] [o LU 5 00 | \e@e
1 1 |1 [ 00 o\ o eo @\
] ’ "0 el O g
1 o]0 ' o =
1 k 0
'For all k e R B Forall k€ R with k#£0 C Forno k at all
D Onlyfork=1 E Forall keR with k#1

™~
D
A
[
[ )
N

LS
~
s L
A
T

o Let T :R? — My be a linear transformation such that 7' <B}> = {2 0] and

()= G o (B B

-2 0 -2 0
A {—3 —2} 5 { 1 4]
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Question 7 (Bonus question). Let
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0

For any eigenvalue of this matrix, what is the dimension of the corresponding eigenspace? Explain
briefly. (Hint: this can be answered with hardly any calculations, or by observation.) [3 marks]

This is because i+ has & distinct
elgenved ues (4he dtCL@O\éﬁgg) 5o

| : : \ S mensian 1,
(:?Otféb? onE has an @ia é?mS/Jach @dp 6/'/,

This 15 be ccese (ot has € 4”?5'7/’“”6%‘
C’HA@ dimﬁ el %*7‘%7“@}),30

+he ran e ot (\A ”"’;”-)
5, dor every (925 enveldy Q}

and  thus The &c‘\%ems(oace ol A,
%iu@w Ej [ A-AT j?f’] has dimension
6-6 =L, “(\fOVVl Hie raunt WMCAN/VF(j theorem



